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INTRODUCTION 
Galois theory states that if we draw the Hasse diagram of the lattice of 
intermediary fields between a field and one of its of Galois extensions, and 
look at it upside down, then we have the subgroup lattice of the Galois 
group of the extension. 
Once we have this interpretation of Galois theory in mind, it is quite 
hard to resist the temptation to attach a group to a non-Galois extension. 
For example, one might attach the cyclic group of order 4 to the extension 
Q(2”4)/Q. 
So if we try to consider the possibility of a more general “Galois theory” 
or the possibility of a covariant Galois theory (which is in general not 
possible), we are inevitably led to the investigation of the relation of the 
structure of a group and its subgroup lattice. 
Investigation on (roughly) this line commenced with A. Rottlaender, a 
student of I. Schur, in 1928. 
We shall show in this note that a nice family of groups is determined by 
its subgroup lattices. Before explaining our main result, let us fix some 
notations. 
Let G be a group. Then by L(G) we denote the set of subgroups of G. 
This becomes a lattice with the usual set theoretic inclusion relation. We 
say that a group is determined by its subgroup lattice if and only if any 
group G’ which has the same subgroup lattice as G (we shall call such a 
group subgroup isomorphic to G) is isomorphic to G. 
Now our main result can be stated as follows; 
Let G be a finite Coxeter group (a finite subgroup of the orthogonal 
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group which is generated by reflections). Then G is determined by its sub- 
group lattice if and only if G is one of the following types. 
(1) G is reducible (that is, the Coxeter graph of G is not connected). 
(2) G is irreducible and the Coxeter graph r of G has more than two 
vertices, i.e., G is of rank > 3. 
(3) G is the dihedral group, of order 2k, and k =p;’ . . . p: the prime 
factorization with p1 < ** * <pr, such that 
(a) k is even or 
(b) k is odd, and e, is greater than 1, with GCD(pl- l,..., 
p,- 1)=2, or 
(c) k is odd with e, = 1, and GCD(pI,p,- l,...,p,- l)= 1. 
When a group is known to be determined by its subgroup lattice, the 
question naturally arises, whether the automorphisms of the lattice L(G) 
are induced by group automorphisms of G. If it is the case, then the group 
is said to be determined by its subgroup lattice in the strict sense. The 
method of this paper allows one to prove that finite Coxeter groups of the 
type 2) listed above are determined by their subgroup lattices in the strict 
sense. 
1 
As R. Baer pointed out in [ 11, the study of groups from the viewpoint of 
their subgroup lattices has its main dilliculity in “smaller” groups. In our 
case, since we shall be dealing with Coxeter groups, our “smaller” groups 
are the dihedral groups. But these are still too big. So we assemble in this 
section more or less known facts for Dzp, where p is a prime, and dihedral 
2-groups. In particular, we see in Proposition 1.5 that dihedral 2-groups 
are especially well-behaved. 
To begin with, we have to see what happens for cyclic groups. Cyclic 
groups are not determined by their subgroup lattices. For example, the 
subgroup lattice of C2 is identical to that of any cyclic group of prime 
order. However, their subgroup lattices give us enough information concer- 
ning their cyclicity and type. To be precise, we state the following theorem, 
which seems to be known to many authors like Ore [S] and Baer [ 11. 
1.1, PROPOSITION. Let G be a cyclic group of order n, and n =p;’ * . . p: be 
its factorization into distinct primes. Then the subgroup lattice L(G) of G and 
the subgroup lattice L(G’) of a group G’ are isomorphic if and only if G’ is a 
cyclic group of order 4;‘. . . q:, where the qfs are distinct primes. 
Proof. This is Theorem 2.4 of Baer [ 11. 
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We shall record the following proposition as a reminder. Its proof is a 
simple exercise. 
1.2. PROPOSITION. G is a finite group if and only if its subgroup lattice 
L(G) is a finite set. 
The following proposition is essentially due to R. Baer [l, (8.3), 
pp. 16173. For a generalization due to T. Tsuzuku, see Section 3. 
1.3. PROPOSITION. Let p be a prime number. Then the subgroup lattice 
L(G) of a group is isomorphic to the subgroup lattice of C, x C, if and only 
if G is either isomorphic to C, x C, or to C, K C,, where the action of C, 
(q; prime) is non-trivial. 
For the rest of this section, we shall be concerned with non-cyclic 2- 
groups. Although the following proposition is known to M. Suzuki [6], for 
the sake of completeness we shall present another proof, improved by the 
referee. In fact, M. Suzuki has proven more than our proposition, namely, 
that: 
(1) If G is a 2-group, then the following statements are equivalent. 
(A) #G’ = #G for any group G’ which is subgroup isomorphic 
with G. 
(B) G is non-cyclic. 
(2) If G is a p-group, where p is an odd prime, then the following 
statements are equivalent. 
(A) The same as the (A) of (1). 
(B) G is neither cyclic nor elementary abelian. 
1.4. PROPOSITION. Let G be a non-cyclic 2-group. If G and G’ are sub- 
group isomorphic, then the order of G equals that of G’. 
Proof. We first remark that induction on the number of the direct sum- 
mands shows that a non-cyclic elementary 2-group is determined by its 
subgroup lattice. We shall show how this fact, combined with the Burnside 
Basis Theorem, yields our proposition. 
Let f be the subgroup isomorphism between L(G) and L(G’). Then the 
Frattini subgroups of G and G’, being the intersection of maximal sub- 
groups, are mapped by f onto each other. It follows that f induces a sub- 
group isomorphism between G/@(G) and G’/@(G). 
By virtue of the Burnside Basis Theorem, G/@(G) is a non-cyclic elemen- 
tary 2-group. Hence, as remarked above, G/@(G) and G’/@(G’) are 
isomorphic. 
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Let us now proceed with induction on the order of G, induction starting 
with Proposition 1.3. If G has a non-cyclic maximal subgroup, then the 
induction hypothesis gives us subgroups of G and G’ of index 2, and of the 
same order. Then it is clear that G and G’ have the same order. 
Suppose all the maximal subgroups of G are cyclic. Then all the maximal 
subgroups of G’ are also cyclic of prime power order. But since G’/@(G’) is 
an elementary 2-group, the prime is 2. Thus again we have subgroups of G 
and G’ of index 2, and of the same order. This ends the proof. 
1.5. PROPOSITION. For the following distinct semidirect products of C,n 
and C2 (n>3), 
I,= (x,y;xZ”=y2=1,yxy=x) 
II,= (x,y;x%yL l,yxy=x(2”-‘-‘)) 
III,=(x,y;x*“=y*=1,yxy=x(2”-‘+1)) 
IV,= (X,y;X2n=+ l,yxy=x-i), 
(1) the subgroup lattices of I, and III, coincide and 
(2) the groups II,, and IV,, are determined by their subgroup lattices. 
Proof. It is easy to see that any group G subgroup isomorphic to any 
one of the groups listed above is again isomorphic to one in the list. It is 
then an easy exercise to see that the subgroup lattices of I, and III, coin- 
cide. To see that the groups II, and IV,, are determined by their subgroup 
lattices, it is enough to show that the subgroup lattices of I,, II,,, and III, 
are distinct. This can be seen by counting the number of elements of order 
2 in each of the groups. The numbers are 3, 2”-’ + 1, and 2” + 1, respec- 
tively. Q.E.D. 
S. P. Bandyopadhyay [2] proved that if G is subgroup isomorphic to a 
dihedral 2-group/generalized quaternion group, and known to be a 2- 
group, then G is isomorphic to the dihedral 2-group/the generalized quater- 
nion group. However, his proof is quite different from ours. 
2 
In this section, we shall investigate the extent to which a finite Coxeter 
group is determined by its subgroup lattice. 
In the beginning, we set the notations and recall some of the facts needed 
later. For details one may consult Bourbaki [4]. 
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A Coxeter group is a group G which has a set S of generators uch that: 
(1) The order of the elements of S is 2. 
(2) For s, t belonging to S, let m(s, t) 3 2 be the order of st; let Z be 
the set of pairs (s, t) such that m(s, t) is finite. The set S and the relations 
(st)““““) = 1 for (s, t) belonging to Z form a presentation of the group G. 
The Coxeter diagram of a Coxeter group (G, S) is an unoriented graph 
such that: 
(1) the vertex set of Z is S, and 
(2) if s and t are elements of S, that is, vertices of Z, then the edge 
multiplicity of (s, t) is m(s, t) - 2. 
It is well known that any finite Coxeter group can be written as a direct 
product in which each summand is isomorphic to one of the groups in 
Fig. 1. 
The principle of our proof is as follows. 
Let G be a Coxeter group with system S. Let G’ be a group subgroup 
isomorphic with G. 
(t-o-oo- - - --o- 
An sl s2 s3 S n-1 % 
B, O---O 
-- --- -0-o 
Sl s2 s3 h-1 sn 
PSn 
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Es o--M- 
b 
E7 
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b 
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b 
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H3 
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FIGURE 1 
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I. We construct a mapf from S into G’ as follows: 
For each si of S, let ti be a generator of the subgroup of G’ 
corresponding to the subgroup of G generated by si. Then the map of S 
into G’ defined by the correspondence sit-+ ti is the desired map. 
Now we want to show that fis extendible to a homomorphism of G onto 
G’ (of course in some particular cases!), which amounts to seeing that: 
II. The t:s satisfy the same relation as that of the s,‘s. 
However, this is not in the least an easy task. So we reduce II to the 
following statement. 
III. Let S = II S1 be the decomposition of S into irreducible com- 
ponents, which corresponds to the decomposition of r into its connected 
components. Thenf is extendible if and only iff is extendible on each S1. 
Proof: We just need to see the if part. If S is irreducible, then we are 
done. Now suppose that S is reducible. For s, s’ coming from the same 
component in S, it is the hypothesis that II is satisfied. Let s, s’ come from 
different components of S. The group generated by s and s’ is isomorphic 
to C2 x Cz. Hence by virtue of Proposition 1.4, the group generated by t 
and t’ is isomorphic to C2 x Cz. Therefore we have that tt’ is an involution, 
which was to be shown. 
Note that for reducible Coxeter groups, one knows that the elements of 
their Coxeter systems are involutions. 
Next comes the problem of injectivity, which in general seems to be a 
formidable one. However, for finite Coxeter groups, it is quite easily 
resolved. (The case of afftne Coxeter groups has been treated in: K. Koike, 
On some groups which are determined by their subgroup-lattices, Tokyo J. 
Math. 6 (1983).) 
IV. Let G be finite, and suppose that II is satisfied. Then the 
homomorphism F, which is obtained by extending the map f, is an 
isomorphism. 
ProoJ Suppose that the kernel of F is larger than the unit group. Then 
the factor group G/Ker(F) must have a smaller subgroup lattice than that 
of G, which is impossible since we are dealing with finite sets. Hence 
Ker(F) is the unit group. 
DEFINITION. For an irreducible Coxeter group G with Coxeter system 
S, we call the cardinality of S the rank of G. 
We have the following proposition for irreducible finite Coxeter groups. 
Note that the Coxeter group of type A,, is isomorphic to S, + i under the 
correspondence si H (i, i + 1 ), so that our result can be viewed as a 
generalization of the known result: 
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The symmetric group of degree greater than 3 is determined by its sub- 
group lattice (Birkhoff [3, Ex. 5, p. 993, Suzuki [7], and Zacher [8]). 
2.1. PROPOSITION. A finite irreducible Coxeter group G of rank r 13 is 
determined by its subgroup lattice. 
ProoJ: We need only to see that II holds true. Non-adjacent pairs of 
vertices ( =elements of S) produce no trouble, for they generate groups 
isomorphic to C2 x C2 which is determined by its subgroup lattice. 
Therefore, it suffices to see what happens for adjacent pairs of vertices. In 
what follows, we let ti be defined as in I for si defined in Fig. 1. By abuse of 
language, we let the notation of the Coxeter diagrams in Fig. 1 also 
represent he Coxeter group to which it corresponds. So, A, means the 
Coxeter diagram of type A,, and the symmetric group of degree n + 1. 
Assertion 1. For AZ, if tI and t2 are involutions, then (sr , s2) is 
isomorphic to (tI, t2); hence (tIt2)3= 1. 
Proof: In view of Proposition 1.4, the group generated by t, and t2 is 
isomorphic to either C3 x C3 or S,; however, CJ x C3 has no element of 
order 2. Therefore G’ is isomorphic to Sj. Q.E.D. 
Assertion 2. The group B2 is determined by its subgroup lattice. 
Proof: Let G’ be a group subgroup isomorphic with BZ. In view of 
Proposition 1.4, G’ is also a group of order 8. The subgroup lattices for 
groups of order 8 containing an element of order 4 are shown in Fig. 2 and 
they are all distinct. 
Hence G’ must be isomorphic to B,. 
Assertion 3. For the group Z2(5), if t, and t2 are involutions, then 
G= (s,, sz) is isomorphic to G’= (t,, t,); hence the order of tI t2 is 5. 
ProoJ In view of Proposition 1.3, G’ is isomorphic to either G or 
Cs x Cs, since 5 - 1 = 4. Therefore G’ is isomorphic to G. Q.E.D. 
So it is now clear that it suffices to show that the tis are involutions, and 
for this, it is enough to find an involution commuting with each si. 
FIGURE 2 
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AS: s1 and s3 commute. If we realize A, as S4 with s1 = (12), 
s2 = (23), s3 = (34), then one easily sees that s2 commutes with the 
involution (14). 
B,: We have no problem here, since by Assertion 2 above, we know 
that the group generated by s2 and s3 is determined by its subgroup lattice. 
Dq: The only involution that gives us trouble is s2. However, the 
group generated by s1 , s2, and s3 is A,; hence we also have an involution 
commuting with s2. 
For the other irreducible finite Coxeter groups, one easily sees that for 
any vertex ( =involution) there is a non-adjacent vertex. Q.E.D. 
Now we have to see what happens for the irreducible groups of rank 2, 
namely, the dihedral groups. 
DEFINITION. Let k be an arbitrary odd positive integer, and k =p;’ . . .p; 
its factorization into distinct primes with the condition p1 < ... <p,. 
Let us define two groups Gi and Gri respectively, by the following 
presentation: 
G,: x9 = yk = 1, xyx-’ = y”, where q is a prime factor of 
GCM(pl - l,...,p,- 1) and d an integer such that d4 = 1, d# 1 (modpp) 
for all i. 
GI,: this group is defined when e, = 1, and p1 is a factor of 
GCM(p, - l,..., p, - 1). Its presentation is as follows: x9 = yk = 1, 
xyx-’ = y’, where q =pl, and d is an integer such that d = 1 (mod q), and 
d9= 1, df 1 (modp:) for all if 1. 
Any group G is defined to be of type I when it is isomorphic to Gi and to 
be of type II when it is isomorphic to G,,. 
2.2. PROPOSITION. Let k be an integer and k =p;’ .--p~ its factorization 
into primes, such that p1 -C ... <p,. 
(i) Let k be even. Then L(G) is isomorphic with L(I,(k)) if and only 
ifG is isomorphic to Z,(k). 
(ii) Let k be odd. Then L(G) is isomorphic to L(Z,(k)) if and only if G 
is isomorphic to either a group of type I or a group of type II. 
(iii) Let s, and s2 be the involutions generating Z,(k) = G, with G’, tl, 
t2 as in I above. If t, and t2 are involutions, then G’ is isomorphic with G. 
Proof of(i). We have already dealt with the case where r = 1 and el = 1 
in Proposition 1.3. So we shall deal with the case where r # 1 or e, # 1. In 
this case, we have the following assertion: 
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Assertion 1. Let Z,(k) be presented as (s, t; s* = tk = 1, sts = t-’ ). Then 
the cyclic group generated by t is the only cyclic subgroup of Z,(k) which is 
not of prime order. Hence if we let G be a group subgroup isomorphic with 
Z,(k), and y a generator of the subgroup of G corresponding to (t), then 
any subgroup of (y) is a characteristic subgroup of G. 
Prooj: Easy to see. 
(1) The “only if’ part. Let G, y, s, t be as in Assertion 1 above, and 
let x be a generator of the subgroup of G corresponding to (s). 
Set ti= tklpp’. Let yi be a generator of the subgroup of G’ corresponding 
to the group generated by ti. We note that, in view of Assertion 1 above, 
the group generated by yi is a normal subgroup of G’. 
Since the group generated by s and tl is a dihedral 2-group (since k is 
even, p1 = 2), we have in view of Proposition 1.5 the same group for 
(4 y1 >, namely: 
x*=y:p1= 1, xy,x=y-1. 
Now it suffices to show that the order of y is k, and that the action of x 
onto y is non-trivial. 
Assertion 2. The order of yi is the same as that of ti. 
Proof By virtue of Proposition 1.1, the order of yi is qj’ for some prime 
qi. Hence it suffices to show that qi=pi. The group generated by x and the 
qf’- I_ th power of yi has as its subgroup lattice the q,-accordion lattice of 
Fig. 3. In Z,(G), it is the p,-accordion lattice. Hence pi + 1 = qi + 1. Q.E.D. 
Assertion 3. The action of x onto ( yi) is non-trivial. 
Proof: Otherwise we would have a cyclic group, which is a contradic- 
tion (Proposition 1.1). 
Hence we have a dihedral group of the same order, 
(2) The “if’ part. Quite obvious. 
Proof of (ii). Now we deal with the case where k is an odd integer. 
0 
- -- 
<> 
0 P+l vertices 
p-accordion lattice 
FIGURE 3 
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The “only if’ part. Let G, x, y1 ,..., y,, y, ti ,..., t, be defined as in (1) 
above. Note that the groups generated by the y,‘s are characteristic sub- 
groups of G. 
Assertion 4. The order of yi equals that of ti. 
Proof: In view of Proposition 1.1, there exists a prime qi such that the 
order of yi is 4;‘. The group generated by x and the q?-I-th power of yi has 
the same subgroup lattice as C,, x C,,, so that in view of Proposition 1.3, 
yfi- ’ is of order pi. Hence pi = qi. Q.E.D. 
Let q be the order of x. 
Case 1. q=pl. 
Let xy’x-’ =y;‘-‘. Of course we have dq= 1 mod(q’1). 
The formula 
shows us that the order of x”yb (for a prime to q) is 9”. Hence if e, is 
greater than 1, then G would contain more than two cyclic subgroups of 
order qel, which is impossible in view of Assertion 1. Hence e, equals 1. 
Assertion 5. For i greater than 1, yi is of order py, and the action of x 
on the group generated by yi is non-trivial. 
Proof: Proposition 1.1 tells us that there exists a prime qi such that the 
order of yi is qy. The subgroup lattice of the group generated by x and the 
qf’- l th power of yi is isomorphic to that of Cpj x C,,. 
Since ( y;), ri = q;i- ‘, is a normal subgroup of G, we have (in view of 
Proposition 1.3) that it is of the order ofp,, and that q is a divisor ofpi- 1. 
If the action of x on yi is trivial, then (since q#pJ we would have a 
cyclic group, which is impossible in view of Proposition 1.1. Thus we have 
a group which we called Gi,. 
Case 2. q#pl. 
We again note that due to Assertion 1, subgroups of the group generated 
by y are normal. 
Looking at the groups (x, yy), ri=pF-l, one sees that (via 
Proposition 1.3) q is a divisor of GCM(p, - l,...,p,- 1). 
Let x-‘yx= y’. Then x-‘yix= ~4. Hence we have that dq= 1 mod(p;‘). 
Since the group generated by x and yi is not cyclic, we get d= 1 mod(p7). 
This yields Gi. Q.E.D. 
The “if’ part. Let G be a group of type I or II. 
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Assertion 6. For groups of types I and II, the element x”yb is of order 
q, where a is an integer prime to q. 
Proof. We have the following formula: 
(Xayb)n = Xnayb( 1 + d-’ + + d-c”- I’“). 
Now it is easy to see that (Yyb) 4 = 1. Q.E.D. 
Assertion 7. Let H be a subgroup of G. Then either H = (xy”, yb ) for 
some integers a and b, or H = ( yb) for some b. 
Proof. If H is included in ( y ), then it is clear that there exists a b such 
that H is the group generated by yb. 
If H is not contained in the group generated by y, then there is an 
element of the type xy” in H, and this follows from Assertion 6. Let the 
intersection of H and (y) be generated by yb. We contend that H is 
generated by xy” and yb. Let x”yb be an element of H. Then (xy”)-“x”yb is 
an element of the intersection of H and ( y). Therefore x”yb is an element 
of the group generated by xy” and yb. Q.E.D. 
Let X be the family of sets A x {b} where A = {aI ,..., uj, k; ui - ai-, = 6, 
OSU, < -.* < uj < k, b a divisor of k} or {k} x (b} where b is a divisor of 
k. 
We endow X with a lattice structure as follows: 
Ax{b}<Cx{e}ifandonlyifAisasubsetofCandeisadivisorofb. 
It is easy to see that subgroups H of G are in one-to-one correspondence 
with elements of X as follows: 
(xy”, yb) H {k, ai; xy” is an element of H} x {b} 
<yb) I-+ PI x PI. 
It is clear that this is a lattice isomorphism. Since Z,(k) is of type I, we 
are done. Q.E.D. 
Proof of (iii). We know that the order of G is even. Looking through 
the groups listed as I and II one sees that G must be the dihedral group of 
the same order. Q.E.D. 
2.3. PROPOSITION. Let G be a reducible finite Coxeter group with 
Coxeter system S = {s 1,.,., s,}. Then G is determined by its subgroup lattice. 
ProoJ Let G’ be a group subgroup isomorphic to G, and ti a generator 
of the subgroup of G’ corresponding to si. It suffices to show that 
t: = 1, ttirj) m(U) = 1 , for all i, j. 
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In view of Proposition 2.2(3), this consists in showing that 
tf= 1 for all i. 
But this is clear, since for any si, there is an involution commuting with 
it. Q.E.D. 
3 
Professor T. Tsuzuku has communicated to us a beautiful generalization 
of Proposition 1.3. Although it is not used in the general form in this note, 
we reproduce it with the permission of Professor Tsuzuku. It is interesting 
to know that this theorem is false for infinite groups, namely, that there is 
an infinite non-abelian group all of whose proper subgroups are cyclic of 
prime order (a comment by the referee). 
3.1. DEFINITION. (1) We call a finite group G a PM group (PM for 
“partition into maximal subgroups”) if and only if any pair of its maximal 
subgroups intersects in the unit group. 
(2) The action of a group G on another group H is called fixed sub- 
group free if G acts fixed point free on the set of non-trivial subgroups of H. 
3.2. PROPOSITION. A finite group G is a PA4 group if and only if G is 
isomorphic to one of the following groups: 
(1) Cpn, C, x C,, where q and p are distinct primes. 
(2) C, x C, or C,, D< C, with non-trivial action. 
(3) C, K (GF( p))“, where C, acts fixed subgroup freely. 
Proof Our original proof used the theorems of Frobenius and 
Thompson. However, since the referee has pointed out an elegant proof 
using only counting arguments, we present the referee’s proof and leave the 
original proof as an exercise for the reader. 
The main point of the proof is to show that there exists a normal 
maximal subgroup of G. We shall assume that to the contrary, there is no 
normal maximal group of G. Then for any maximal subgroup H of G, we 
have H n XHX- ’ = 1 for any x not in H. If we let g be the order of G and h 
the order of H, then there are exactly (g/h) conjugate subgroups of H. 
These conjugate subgroups contain exactly (g/h)(h 2 1) non-identity 
elements of G. Since (g/h)(h - 1) = g - (g/h) <g - 1, there is an element 
not contained in any of the conjugate subgroups of H. Let K be a maximal 
subgroup of G containing this element, and let k be its order. Then being a 
non-normal maximal subgroup of G, K satisfies the condition 
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K n yKy -’ = 1 for any y not in K. Now we contend that H meets one of 
the conjugates of K. Suppose not. Then conjugate subgroups of H and K 
will contain at least (g/h)(h - 1) + (g/k)(k - 1) non-identity elements. 
Thus, we would get (g/h)(h - 1) + (g/k)(k - 1) < g - 1 or 1 < (l/h) + (l/k). 
This is a contradiction. Since G is a PM group, we have that H equals one 
of the conjugates of K, another contradiction. 
Our next point is that any maximal normal subgroup of G is an elemen- 
tary p-group. From this our result immediately follows. Let N be a normal 
maximal subgroup of G, and p the index of N. Let H be a maximal sub- 
group of G distinct to N. Its order is p. If p divides the order of N, then H 
normalizes at least one subgroup K of N of prime order p. Then by the 
hypothesis, G = HK, hence G = C, x C,. Now suppose that p does not 
divide the order of N. Let q be a prime factor of the order of N., S a q- 
Sylow subgroup of N. Then No(S) N = G, No(S) = G. By the hypothesis, 
S= N. Since N can have no characteristic subgroup, the Frattini subgroup 
of N is trivial. It now follows that N is an elementary q-group. 
Remark. For groups of type (3), p and q are distinct primes, and n is 
the degree of the irreducible factors of x4- ’ + . . . + x + 1 in GF(p)[x]. 
Therefore, we have only one group of type (3) up to isomorphism for a 
fixed pair of p and q. 
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